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We for mulate the inverse pr oble m for longitudinal, tors ional, and trans verse vibrations of 
rods and transverse vibrations of strings of variable mass. It is shown that if certain as- 
sumptions are made concerning the densities of the combining and separating particles, the 
problem reduces to the integration of independent partial differential equations and a system 
of ordinary differential equations of first order. 

1. Combining and separat ing par t ic les  may be of three types. The f i rs t  type includes par t ic les  which 
combine and separate  at each point of the surface of a rod or s t r ing  and form a unified solid medium with 
the rod  or  string. The second type includes par t ic les  which combine or separate  at each point of the s u r -  
face of an elast ic body and are  connected with the rod (or string),  interact  with it, and do not interact  with 
one another. Par t i c les  of the third type combine and separa te  at some discrete  points of the rod or string. 

The combining and separat ion of the par t ic les  does not affect the c r i t e r i a  of an elast ic body which 
cha rac te r i ze  it as a rod or  string. The axis of the rod does not change its position with respec t  to the rod. 
At the moment of combining or separat ion,  the par t ic les  move parallel  to the displacement of the points of 
the rod  (or string). The x axis is directed along the axis of the undeformed rod (or string) f rom its left end 
toward its r ight  end. The length of the rod (or string) is denoted by Z , and the t r ansve r se  motion of its 
points is denoted by z(x ,  t). 

The rod is divided into segments  by the points M i (xi) (x i <xt+l; x l=0 ;  xn=l  ; i =1, 2, ..., n), at which 
there  are  par t ic les  of the third  type. If at the end points M 1 (0) and M n (l) there are  no such par t ic les ,  we 
shall assume that such par t ic les  are  there  but have zero mass.  

For par t ic les  of the f i rs t  type, we introduce the following notation: p l  ~ (x) is the initial l inear  density 
at the point M (x); pt  k (x, t) and Vla k (x, t) (k=l ,  2, 3, 4) are  the l inear  densities and absolute velocities of 
of the combining and separat ing par t ic les  at t ime t. The supersc r ip t  1 indicates a combining part icle  and 
its movement in the direct ion of increas ing z. The supersc r ip t  2 also indicates a combining par t ic le ,  but 
one which moves in the direction of decreas ing z. The superscr ip t  3 indicates a separat ing par t ic le  moving 
in the positive z direction. The supersc r ip t  4 means that a part icle  is separat ing and moving in the d i rec -  
tion of decreas ing z. We have 

pi ~(x,O) 0 op? oo?_ = ,---~-~0, -37-~0, 

Pi : 9i ~ + 9i 1 + Pl ~ § 9i 3 ~- Pi 4 
4 

- -~% U , O i ' ?  " ~  O'~vL--5/- ~" O, 

where Rlr  is the intensity of the reac t ive  forces  of the combining and separat ing par t ic les  in their  relat ive 
motion; Vir =Via k -  0z/Ot  are  the relat ive velocities of the par t ic les .  

This notation, except for the subscr ipt ,  will be re ta ined for the corresponding values associa ted  with 
the other types of par t ic les .  The subscr ip t  for par t ic les  of the second type will be 2, and the subscr ipt  for 
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p a r t i c l e s  of  the t h i rd  type will  be M i. In the e x p r e s s i o n s  for  values  a s s o c i a t e d  with p a r t i c l e s  of the th i rd  
type ,  pa r t i a l  de r iva t ives  should be r e p l a c e d  with o r d i n a r y  de r iva t ives .  F o r  p a r t i c l e s  of the f i r s t  and second  
types ,  the m a s s  dens i ty  and the in tens i ty  of r e a c t i v e  f o r c e s  a r e  the values  for  mass  and fo rce  pe r  unit 
length.  For  p a r t i c l e s  of the th i rd  type,  these  a r e  the m a s s  and fo rce  concen t r a t ed  at the point  in quest ion.  
It wil l  be conven ien t  h e r e a f t e r  to r e g a r d  the m a s s  dens i ty  and fo rce  in tens i ty  for  pa r t i c l e s  of the th i rd  type 
as  l inea r .  Then the m a s s  dens i ty  and r e a c t i v e - f o r c e  in tens i ty  will  take the f o r m  

tt 
,o =9i= P:.J- ~ ,~ x,), (I.i) 

~ 1  
n 

t~, = R~, -'- t~._,, -- ~, /r (.r --  ~',) 
i~ l  

where  (r 1 is a pu lse  f tmction of  f i r s t  o r d e r .  

The inve r se  p r o b l e m  for  the v ibra t ions  of e las t ic  bodies  of  va r i ab le  m a s s  will  be fo rmu la t ed  by  ana l -  
ogy with the mechan i c s  of d i s c r e t e  s y s t e m s  of va r i ab le  m a s s  [1]. F o r  a given ex te rna l  loading Q(x, t) and a 
giveD law of v ib ra t ion  z(x, t), we a r e  r e q u i r e d  to find the dens i ty  of the body at any instant  of t ime  at any 
point  of  the body. The abso lu te  o r  r e l a t i ve  ve loc i t i es  of the combin ing  and s epa ra t i ng  p a r t i c l e s  a re  given 
as  ftmctions of  the coo rd ina t e s  and t ime.  We a lso  know p 1 ~ p2 ~ p 1Vii ~ In what  fol lows,  the fo rmula t ion  of 
the inve r se  p r o b l e m  will be made m o r e  p r e c i s e  by the in t roduct ion  of  addit ional  condi t ions .  

For  bounda ry  points  the fo rmula t ion  of the i nve r se  p r o b l e m  is the following. If  we do not know the 
r e a c t i o n s  of the ex te rna l  med ium on the end poin ts ,  then the m a s s e s  p Mi and p Mn a r e  given values .  In this 
ca se  we must  de t e rmine  the unknown r e a c t i o n s  ac t ing on the ends of the body. If  the r e a c t i o n s  a re  known, 
what  we must  de t e rmine  a r e  the m a s s e s  of  the end points .  

The r e l a t i o n  between the l i n e a r  dens i ty  and the d i sp l acemen t s  of the points  of the r o d  is e x p r e s s e d  by  
the di f ferent ia l  equat ion for  the v ibra t ions  of a r od  of va r iab le  mass  [2]. This d i f ferent ia l  equat ion involves 
p l  k, p2 k, pM[ k and the i r  de r iva t ives  with r e s p e c t  to t ime .  T h e r e f o r e ,  we must  f i r s t  d e t e r m i n e  these  quan-  
t i t ies  and then de t e rmine  the dens i ty  of  the body. The different ia l  equat ion for  the  v ib ra t ions  is not suf f i -  
c ient  for  f inding p i k, p2 k. pMi k. We must  a l so  know addit ional  condi t ions  r e l a t i ng  these  quant i t ies  to one 
another .  They  m a y  be of  va r ious  kinds.  We shal l  confine o u r s e l v e s  to the c a s e  in which these  condit ions 
a re  given in the f o r m  of a lgeb ra i c  r e l a t i ons  among  p l  k, p2 k, pMi k, i .e . ,  the dens i t ies  of  the combin ing  and 
s e p a r a t i n g  p a r t i c l e s  a r e  connec ted  by  the r e l a t ions  

]~ (pl l, [Ol 2 . . . .  , p24, X, t) ---- 0, ]i~ (PM~ 1 . . . .  , pM,~, t) ---- 0 (1.2) 

~ = 1 , 2  . . . .  ,7 ;  ~ = 1 , 2 , 3 ;  i = t ,  2 . . . .  , n  

To these  condi t ions  we add the equat ions 

Is (Pl ~, PI ~ . . . .  , p4, x, t) = ~, 1~4 (PM~ I . . . .  , PM~L t) = m~ (1.3) 

Rela t ions  (1.2) and (1.3) a r e  such  that  af ter  so lving t h e m  for  p 1 k, p2 k, p Mi k, we obtain the following 
funct ions ,  which a r e  cont inuous and have cont inuous de r iva t ives  with r e s p e c t  to p and t:  

,ol '~ = q:l~(~t, x .  t) ,  ,o., ~'. = q~:~(p,  x ,  t ) ,  ,')~".~I = cf~  (m~, 1) 

4 4 4 

([1 : ([I z - "  E (~lh" {~2 --~)2 ~-,  Z (~2"' ([ , I  : -  i O.,1~ ~ -" E qcl~lt 

k =  1 , 2 , 3 , 4 ;  i = t .  2 . 3 , 4  

(1.4) 

Af te r  d i f fe ren t ia t ing  q~ t k, ~0~ k, r Mi k with r e s p e c t  to t and subs t i tu t ing  the de r iva t ives  into the e x p r e s -  
s ion for  the in tens i ty  of  the r e a c t i v e  f o r c e s ,  we have  

o,t ~,(ad,,,~ 
B ' = a - ~ i - @  g - -  . - d T -  g , ) 5 1 ( x - - x , )  (1.5) 

i---~t 

4 
rOg~/" , 

' , " 7  -- ~'~" - 7 " )  ( 1 . 6 )  
h ' = l  h : t  

a t :  ~ , c  Ic - -  , i = 1 ,  9, . . ,n  
Mtr  One, ' g i  = E U I ~ I r  a t  -- " 
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2. The equat ion for  longi tudinal  v ib ra t ions  of  a r o d  of  va r i ab le  mass  can be v,~ritten in the f o r m  

?~z ~,  d2z (% ~) a az (2.1) 
( 0 1 + 0 2 ) : +  - -  OM~, dt 2 " ~ l ( X - - X l ) - - ' ~ x ( ~ - ; ~ ) = R l r ~ - - m t 2 r ~ {  - ~ i V ~ M t ~ . ~ i ( X - - Z T , ) -  ~ Q 

i=1 r 

where ~ is the rigity of the rod for longitudinal vibrations. 

For torsional vibrations of a rod, the quantities pertaining to translational motion in (2.1) must be 
replaced with the analogous quantities for rotational motion. From physical considerations, we can con- 
c]ude that for longitudinal and torsional vibrations of a rod, ~ can be a function of Pl, x, and t. Taking ac- 
count of the equat ions  in (1.4), we f ind that  the r i g i d i t y  of  the r o d  is ~ = r (p, x,  t). 

We a s s u m e  that  all the funct ions  involved in Eq. (2.1) a r e  cont inuous with r e s p e c t  to t ,  except  for  
( S z / a x ) .  They  a r e  all cont inuous  with r e s p e c t  to x. The funct ion ~ (Sz /Sx )  has  d iscont inui t ies  of the 

f i r s t  kind at the points  M i and is cont inuous at all  o the r  points .  If  Mi~ (Ot/0x)  w e r e  cont inuous at the points  
Mi, the v ib ra t ions  of  the r o d  would  not  affect  the mot ion of  the mass  pM i. We in tegra te  Eq. (2.1) with r e -  
spec t  to x be tween the l imi t s  x i - ~ and x i +~ ,  a f te r  which  we let  e a p p r o a c h  ze ro .  We obtain a d i f ferent ia l  
equat ion  for  the v ib ra t ions  of  the m a s s  pMi:  

d~ (~:, t) (2.2) 
9M: dt~ = % + R,%~ " F~, i = l ,  2 , . . . ,  n 

w h e r e  wi = [r (3z /3X) ]x i+0-  [r (0z/OX)]xi-0 is the jump of vt (az /Ox)  at the point  Mi; w i t akes  account  of  the 
effect  of  the r o d  on the mot ion of  the m a s s  PMi;  fo r  the left  end w�94162 Oz/OX)x=0, and for  the r i gh t  end 
w n = - ( r  3 z / S X ) x = / ,  s ince  the r ig id i ty  outs ide  the r o d  is z e r o ,  and Fi is the c o n c e n t r a t e d  ex te rna l  f o r ce  
appl ied to the m a s s  PMi- 

In (2.2) we r e p l a c e  PMi and R M i r  with the i r  e x p r e s s i o n s  f r o m  (1.4) and (1.6) and thus obtain a s y s t e m  
ef  n independent  o r d i n a r y  d i f fe ren t ia l  equat ions  of f i r s t  o r d e r  for  de t e rmin ing  the mi:  

din. (2.3) 
a~ - ~  = c~ (~ = 1, 2 . . . . .  n) 

In these  f o r m u l a s  

Ci ~ (~31 ~ dt~ 0)~ - -  U I" F~ M r  Ot 

F o r  each  of  the s e g m e n t s  [xi, xi+ 1] (i =1,  2, ... n - l )  we have a par t ia l  d i f ferent ia l  equat ion for  d e t e r -  
mining p which was  obta ined  f r o m  Eq. (2.1): 

a ~ + b  a~- = c  (2.4) 

4 

This equat ion is a quas f l i nea r  pa r t i a l  d i f fe ren t ia l  equat ion of  f i r s t  o r d e r .  The t h e o r y  and methods  of 
so lu t ion  of s u c h  equa t ions  a r e  known [3]. In what  follows it will  be a s s u m e d  that  the coeff ic ients  a ,  b ,  c 
s a t i s fy  r e q u i r e m e n t s  such  that  fo r  al l  xi _<x_<xi+t, 0 _<t _<T i (i =1, 2, ..., n - l )  the solut ion exis t s  and is 
unique. The init ial  and bounda ry  condi t ions  mus t  be spec i f ied .  The initial condi t ion is obtained f r o m  (1.3) 
fo r  t = 0. In o r d e r  to spe c i fy  the bounda ry  condi t ion,  we mus t  know p = f  8 f r o m  (1.3) as  a function of t at 
one of the ends of  the s e gm e n t  [xi, xi+l]. Iff 8 is known for  the left  end of the s egmen t  [xi, xi+l] , we must  
take this  as the value of  p i m m e d i a t e l y  to the r i gh t  of  the point  x i. Iff 8 is known fo r  the r igh t  end of  the 
s egmen t ,  then the value of  p is g iven i m m e d i a t e l y  to the left  of the point  xi+ l The boundary  condit ion is 
given in such  a way  (i.e., the s e l e c t e d  end of  the s e g m e n t  [xi, xi+l] is s e l ec t ed  in such  a way) that  the c h a r -  
a c t e r i s t i c s  of Eq. (2.4) in the plane of  va r i ab l e  x and t wil l  not i n t e r s ec t  one another  and will have at mos t  
one point in c o m m o n  with the cu rve  on which the initial and boundary  condi t ions  a re  given. 

S p e c i f y i n g f  8 as  a funct ion of  t i m e  at one end of the s e g m e n t  [xi, xi+l] is a f e a tu r e  which  must  be 
added in the fo rm u l a t i on  of the i nve r se  p r o b l e m .  

The sequence  o f  s teps  gone t h rough  in so lv ing  the i nve r se  p r o b l e m  is the fol lowing:  f r o m  Eq. (2.4) 
we must  find /~; next ,  f r o m  (1.4) we mus t  d e t e r m i n e  P l  and P2 and e x p r e s s  ~r in t e r m s  of x and t. Af te r  
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th i s ,  we so lve  Eq. (2.3) fo r  the mi,  and f r o m  (1.4) we find the PMi" Using f o r m u l a  (1.1), we de t e rmine  the 
l i n e a r  densi ty .  In the case  in which we have to find the r e a c t i o n  ac t ing  at one of the ends ,  we must  use the 
c o r r e s p o n d i n g  equat ion of  (2.3). This  equat ion will  be a lgeb ra i c  in the unknown reac t ion .  

Equat ions  (2.3) and (2.4) can be a lgeb ra i c  if the a 1, a ,  and b a r e  ident ica l ly  ze ro .  This may  happen,  
fo r  example ,  if the r e l a t i v e  ve loc i t i es  of the combin ing  and sepa ra t ing  p a r t i c l e s  a r e  ze ro ,  and r does not  
depend expl ic i t ly  on p.  In the c a s e  when only one of  the coeff ic ients  a ,  b is ident ica l ly  ze ro ,  Eq. (2.4) can 
be r e g a r d e d  as an o r d i n a r y  di f ferent ia l  equat ion,  whe re  we t r e a t  as a p a r a m e t e r  the va r i ab le  with r e s p e c t  
to which t he re  is no pa r t i a l  d i f fe rent ia t ion  in the equation.  If a = 0, the ini t ial  condi t ion is u n n e c e s s a r y ;  if 
b~-0 ,  the bounda ry  condi t ion is u n n e c e s s a r y .  

Le t  us c o n s i d e r  an example .  A rod  with a fixed end at x =0 and a f r ee  end at x =l undergoes  f r ee  l o n -  
gitudinal v ibra t ions  a c c o r d i n g  to the law z =u s in  t, whe re  u = e x  for  0 _<x <-l /2  and u = a (l  - x )  for  l / 2  _< 
x_<l (~ is a smal l  pos i t ive  constant) .  P a r t i c l e s  of  the f i r s t  type combine  with the rod.  We have p 1 ~  
p l l = p l  2, p23=p14=O, ~r162  For  x = l / 2  the r ig id i ty  va r i e s  a c c o r d i n g  to the law ~r  ~ exp 
[1/2[~/ +2t) t ] .  The r e l a t i v e  ve loc i t i e s  of the combin ing  p a r t i c l e s  a r e  such  that  v w l + V l r  2) = - s i n  t. 

Var iable  m a s s e s  p ~2 and p M3 a r e  aff ixed to the midpoint  of  the rod  and its f r e e  end. The r e l a t i ve  
ve loc i t i es  of the combin ing  and s epa ra t i ng  pa r t i c l e s  for  the mass  PM a re  zero .  P a r t i c l e s  a r e  s epa ra t ing  
f r o m  mass  pM3, so  that  pM31=pM32=O,  pM33=PM44, 1/2 (VM3r3+VM3~4)= - e - I  s in  t. 

Sett ing pl=/2,  we wr i t e  Eq. (2.4) as 

c)~ 9 0 ~ t  
~t " _~.  -- u u = 0  

Solving this equat ion,  we find p t =P 1 ~ exp [ (u+t ) t ] .  F r o m  the f i r s t  equat ion of the s y s t e m  (2.3), which 
is an a lgeb ra i c  equat ion,  we find the r e a c t i o n  at the fixed left  end of the rod ,  F r = - 2 e - l p t  ~ s in  t exp t 2. 

The equat ion for  de t e rmin ing  the mass  PM is a lso  an a lgeb ra i c  equation.  Setting c 2 =0,  we obtain 
pM 2=4~-2 l  - l p l~  exp [1/2 (~l +2t) t]. 

The th i rd  equat ion of the s y s t e m  Eq. (2.3) is a d i f ferent ia l  equation.  Setting m 3 = p M  3 i n t h i s  equat ion,  
we obtain 

t 

P-~" := P;n --  2p1~ f exp (~2) dE 
I) 

3. On the bas i s  of  the ana logy  between the longi tudinal  v ibra t ions  of a r od  and the t r a n s v e r s e  v i b r a -  
t ions of a s t r ing ,  we can a s s e r t  that  the di f ferent ia l  equat ion of the v ib ra t ions  of a s t r i ng  of  va r i ab le  mass  
coincides  with Eq. (2.1). The t ens ion  of the s t r ing ,  l ike the r ig id i ty  in the case  of longitudinal  v ibra t ions  of 
a rod ,  may depend on Pl,  x, and t. Making use of Eq. (1.4), we obtain ~r162 (p, x,  t). Acco rd ing  to [4], the 
tens ion  at each  instant  of  t ime  is ident ical  for  all points  of  the s t r ing ,  i .e . ,  r (p (x, t), x, t) is a funct ion 
which,  if not cons tan t ,  v a r i e s  only with t ime.  Consequent ly ,  

c)r . o ~ _ 0  (3.1) 
0~ Ox ' Ox 

This r e l a t i on  enables  us to r e d u c e  the d i f ferent ia l  equat ion (2.4) of the inve r se  p r o b l e m  of the v i b r a -  
t ions  of  a s t r i n g  of  va r i ab le  m a s s  on the s egmen t  ix i, xi+ t] to the f o r m  

(3.2) o~ 

where  a is found f r o m  f o r m u l a  (1.5) and 

4 a2Z 

- -  --5-i--t- v2~ - ~  ) - Q 

Equat ion (3.2) is an o r d i n a r y  different ia l  equat ion involving the coord ina te  x as  a p a r a m e t e r ,  and 
t h e r e f o r e  it is u n n e c e s s a r y  to give any boundary  condi t ions .  

The diffe/ 'ential  equat ions  of the inverse  p r o b l e m  for  the m a s s e s  PMi a r e  the s a m e  as (2.3), but the 
w i in these  equat ions  can be r e p r e s e n t e d  in the f o r m  
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This equat ion means  that  when the m a s s e s  p Mi i n t e r a c t  with the s t r i ng  at ~he points  M i (i = 2 , 3 ,  . . . .  
n - 1 )  the condit ion of s m o o t h n e s s  of the s t r i n g  is v io la ted ,  i .e . ,  at t hese  points  the s t r i ng  has d i s con t inu -  
i t ies .  

To the case  in which  r does not  depend exp l i c i t iyon  x t he re  c o r r e s p o n d s  the solut ion of  Eq. (3.2), 
which  is a funct ion of t. This means  that  c I and a axe a l so  funct ions of  t ime.  This condi t ion imposes  c e r -  
ta in  l imi ta t ions  on the r e l a t i v e  ve loc i t i e s  of the combin ing  and s epa ra t i ng  p a r t i c l e s  and the i r  dens i t ies .  

If  at l e a s t  one end of  the s t r i ng  is f r ee ,  then $ (p, x, t) -= 0. We may  a s s u m e  that  the f o r m  of the func-  
t ion ~ is unknown. Af te r  de t e rmin ing  p as  a funct ion o f f  (x, t) f r o m  (3.2), it is suff ic ient  to se t  ~b = p  - 

f (x, t). If  the f o r m  of the funct ion r is known, then f r o m  the equat ion r =0 we find p as  a function of x and 
t. This  funct ion must  s a t i s fy  two r e q u i r e m e n t s .  F i r s t l y ,  when it is subs t i tu ted  into Eq. (3.2), the equat ion 
mus t  b e c o m e  an ident i ty;  s econd ly ,  this funct ion must  s a t i s fy  the initial condi t ions .  

The sequence  of  s t eps  fol lowed in so lv ing  the i nve r se  p r o b l e m  for  the v ib ra t ions  of a s t r i ng  of  v a r i -  
able m a s s  is the s a m e  as  the sequence  of s teps  for  the analogous  p r o b l e m  involving the longitudinal  v i b r a -  
t ions  of a r o d  of va r i ab l e  m a s s .  

Le t  us cons ide r  an example .  A s t r i n g  whose  ends a r e  fixed undergoes  f ree  v ibra t ions  a c c o r d i n g  to 
the law z =e  s in ( v x / l )  s in  t ,  whe re  r is a sma l l  pos i t ive  cons tant .  P a r t i c l e s  of  the f i r s t  type combine  with 
the s t r ing ;  p = P l ,  P l  ~ 1 7 6  P l l = P l  2, P13=Pl 4=0, 2/2 (vtrl+Vir2) =z, % = 2 7 r - 2 1 2 p  �9 Sett ing p = p ,  we can 
wr i t e  Eq. (3.2) in the f o r m  d p / d t  = p .  F r o m  this  we find p = p l ~  ' .  The equat ions  in (2.3) enable  us to find 
the r e a c t i o n s  at the f ixed ends.  These  r e a c t i o n s  a r e  equal  to 2 e l  ~r-tpi~ s in t. 

4. We wr i te  the d i f ferent ia l  equat ion for  the t r a n s v e r s e  v ibra t ions  of a r o d  of  va r i ab le  mass  [2]: 

O~z ~ d~z(x ,  t) a~ ( a2z I n 
(p~ + p~) ~ + ~, p ,q  ~ ~ (x - -  xO + ~ ~,• ~-~:) = R,~ + / r  + ~ / t ~ x : ~  (z - x~) + Q 

i:1 ~=I 

(4.1) 

w h e r e  ~ (p 1, x,  t) is the r i g i d i t y  of the r o d  for  def lect ion.  

All  the funct ions o c c u r r i n g  in Eq. (4.1) a r e  cont inuous with r e s p e c t  to t and p.. All  of  t h e m  except  
( 8 / a x )  [~ (~2z/~x2)] a r e  cont inuous with r e s p e c t  to x. The funct ion (~ / ax )  [% (02z/ax2)]  has  d iscont inui t ies  
of  the f i r s t  kind at the points  x i and is cont inuous at all o ther  points .  On each  of  the s e g m e n t s  [xi, xi+l] 
(i =1,  2, .., n - l )  we have a pa r t i a l  d i f ferent ia l  equat ion for  de t e rmin ing  it, found f r o m  Eq. (3.1): 

a = p - 5 - z 2 - ~ q ~ a z  ] -~ - r~ - ;x+c  
(4.2) 

The coeff ic ient  a is found f r o m  f o r m u l a  (1.5). The o ther  coef f ic ien ts  have the f o r m  

P --  a~ ox". ' q --  0 ~  ox~ ' r ~- 2 ~ § ox a F p:-:  

4 
0"2z , 025 a~z Oq~ a3z O~z 092~.1 c = (% + %) ~ ~- ~7:~.~., + 2 + ~  - - ~ /  h-a~,~ 2_ _ 

~ 0-;; [ . . .  ~ v~,.k -SV: Q 

Equat ion (4.2) is a non l inea r  pa r t i a l  d i f ferent ia l  equat ion of s econd  o r d e r  [5]. I ts  coef f ic ien ts  a ,  p, q, 
r ,  c a r e  a s s u m e d  to be such  that  the hypothes i s  of the ex i s t ence  and uniqueness  t h e o r e m  for  the mixed 
p r o b l e m  when x i _<x _<xi+t, 0 _<t s T ,  is sa t i s f ied .  In addi t ion to the init ial  condit ion obta ined f r o m  (1.3), we 
spec i fy  the bounda ry  condi t ions  as  fol lows.  We shal l  a s s u m e  that  in (1.3)f8 is a funct ion of t ime  i m m e -  
d ia te ly  to the r i gh t  of the point  x i and i m m e d i a t e l y  to the left  of the point  xi+ 1. This is the addit ional  condi -  
t ion that  mus t  be in t roduced  into the fo rmula t ion  of  the inve r se  p r o b l e m  involving t r a n s v e r s e  v ibra t ions  of 
a r o d  of va r i ab le  m a s s .  

The d i f ferent ia l  equat ions  of  mot ion  of the m a s s e s  PM" have the s a m e  f o r m  as the equat ions  in (2.3), 
[ 

but in these  equat ions the wi a r e  d i f ferent  f r o m  the c a s e  of longi tudinal  v ib ra t ions .  Fo r  t r a n s v e r s e  v i b r a -  
t ions the w i a r e  given by the f o r m u l a  

o:/3x~-0 5~2)t.~ § ~ i = i , 2  . . . .  , n  
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Equat ions (4.2) and (2.3) can be so lved  in any sequence ,  s ince  the w 0 can  be found by using the bound-  
a r y  condi t ions .  

Le t  us c o n s i d e r  an example .  A rod  with f r ee  ends at x =0 and x =l  undergoes  f r ee  t r a n s v e r s e  v i b r a -  
t ions  a c c o r d i n g  to the law z = ~ x ( / -  x) s in  t, e = c o n s t >  0. P a r t i c l e s  of the f i r s t  kind s e p a r a t e  f r o m  the 
rod ;  p l l = p l 2 = 0 ,  pl3=pl 4, p l ~  fl = c o n s t >  0, p (0, t ) = 0 ,  p (l , t ) = i l l  e - e t .  The r ig id i ty  of  the r o d  v a r i e s  
a c c o r d i n g  to the law ~<=aPl ,  e =cons t  > 0. The r e l a t i v e  ve loc i t i e s  o f the  s e p a r a t i n g p a r t i c l e s  a r e  such tha t  
1/2 (v~3 +VIr4) =x (l - x )  s in  t. Sett ing p =p  =P l ,  we wr i t e  Eq. (3.2) in the f o r m  

x (l --  x) ~ ~ 2ct8 _ ~x (l --  x) p~ = 0 

The solut ion of this  equat ion,  which is obta ined by s epa ra t i on  of v a r i a b l e s ,  is p =fixe - e t .  

5. In our  e a r l i e r  d i s c u s s i o n  we d is t inguished  be tween p a r t i c l e s  of the f i r s t  and second  types  which 
combine  with or  s e p a r a t e  f r o m  the rod  or  s t r ing ;  the r e a s o n  for  this  d is t inc t ion  was  that  pa r t i c l e s  of the 
f i r s t  type f o r m  a unified sol id  med ium with the rod  o r  s t r ing ,  whe rea s  in the case  of pa r t i c l e s  of the s e c -  
ond type  the in ternal  s t r e s s e s  a r e  so sma l l  that  they  may  be neglected .  

I nve r se  p r o b l e m s  in which the re  a r e  no combin ing  or  s epa ra t i ng  p a r t i c l e s  of the f i r s t  type a r e  of no 
in t e res t ,  s ince  Eqs.  (2.4) and (4.2) b e c o m e  o r d i n a r y  d i f ferent ia l  equat ions of f i r s t  o r d e r  with the coord ina te  
x as  a p a r a m e t e r .  It is u n n e c e s s a r y  to spec i fy  the bounda ry  condi t ions .  The r e a s o n  for  this is that  c o m -  
binat ion and s e p a r a t i o n  of  p a r t i c l e s  of  the f i r s t  type af fec ts  the va r i a t ion  of the r ig id i ty  of the rod ,  with the 
r e s u l t  that  Eqs.  (2.4) and (4.2) contain  de r iva t ives  of  p with r e s p e c t  to • T h e r e f o r e ,  as boundary  condi -  
t ions ,  we can spec i fy  the r ig id i ty  as  a function of t ime  at the ends of the s e g m e n t  [xi, xi+t]. In o ther  words ,  
as  the function f 8 in (1.3) we should take an app rop r i a t e  function of ~ ,  x,  and t. Tm p a r t i c u l a r ,  if f8  is l i nea r  
with r e s p e c t  to n ,  then the coef f ic ien t  q in Eq. (4.2) van i shes .  

In the solut ion of i nve r se  p r o b l e m s  of  longi tudinal  and t r a n s v e r s e  v ibra t ions  of r o d s ,  the initial and 
boundary  condi t ions  for  Eqs.  (2.4) and (3.2) mus t  s a t i s fy  c o n s i s t e n c y  condi t ions .  These  condit ions d e t e r -  
mine the deg ree  of s m o o t h n e s s  of  the p rob lem.  
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